We present a new directly-observable statistic which uses sky position (x, y) and proper motion (v x , v y ) of stars near the Galactic center massive black hole to identify populations with high orbital eccentricities. It is most useful for stars with large orbital periods for which dynamical accelerations are difficult to determine.
INTRODUCTION
The nuclear star cluster (NSC) within the central few parsecs of our galaxy contains a massive black hole (MBH), SgrA*, and ∼ 10 7 M ⊙ in stellar populations of various ages. The bulk of the stars are old, ∼ 80% forming more than 5 Gyr ago, possibly at the same time as the galactic bulge. After a period of reduced star formation, the star formation rate increased during the last 200 − 300 Myr (Blum et al. 2003; Pfuhl et al. 2011) . While the late type stars may be too old to retain memory of their initial orbital configuration, and hence formation mechanism, the kinematics of the early type stars should reflect their original distribution. One can resolve these stars individually due to our proximity to the Galactic center (GC) 1 , and use their phase space parameters to constrain formation scenarios. This is a useful way to understand stellar mass accumulation in NSCs in general, which is very likely connected to the formation and growth of MBHs at their centers (Hopkins & Quataert 2010a,b) . There are two fundamental scenarios for the accumulation of stars in NSCs. The first is the merger of multiple star clusters following migration towards the center of a galaxy via dynamical friction with background stars (Tremaine et al. 1975; Capuzzo-Dolcetta 1993; Agarwal & Milosavljević 2011; Antonini et al. 2012; Antonini 2013) . The second scenario is in-situ formation in nuclear stellar disks as a result of gas migration into the center of galaxies (Milosavljević 2004) . Observational results and theoretical arguments suggest that both mechanisms are necessary to explain the morphology, kinematics and complex star formation history of NSC stellar populations (Hartmann et al. 2011; Leigh et al. 2012; Antonini et al. 2012 ).
Massive young stars in the central parsec of the GC provide evidence of the second mechanism, that is formation in a nuclear stellar disk. Roughly half of the brightest young stars -a population of O-and Wolf-Rayet (WR) stars, ∼ 6 ± 2 Myr old 2 , with masses 20M ⊙ ) -form a thin, clockwise-rotating disk with projected radii 0.8 ′′ − 12 ′′ (Levin & Beloborodov 2003; Genzel et al. 2003; Lu et al. 2009; Bartko et al. 2009 ), though more young star candidates have been detected at larger distances (Bartko et al. 2010; Nishiyama & Schödel 2013 ). This disk is thought to have formed in-situ from the fragmentation of in-falling or colliding gas clumps at the GC (Morris 1993; Sanders 1998; Levin & Beloborodov 2003; Nayakshin & Cuadra 2005; Levin 2007; Wardle & Yusef-Zadeh 2008 . We refer to this structure as the "O/WR disk". One also observes a population of fainter B-stars, m k 14 (m K = 14 corresponds to a B0V star), which are not obviously associated with this disk. They appear more isotropically distributed than the brighter stars, though a number may be members of the O/WR disk (Bartko et al. 2010 ). They are not truncated in projected radius at the disk inner edge, but continue inwards to the MBH. Those that lie within the central 0.8 ′′ are collectively referred to as the "S-stars"; their kinematics reveal randomly-inclined and near-thermal eccentricity orbits (Ghez et al. 2005; Eisenhauer et al. 2005; Gillessen et al. 2009a) .
The orbits of the B-stars further out have not yet been determined and it is unclear whether or not the S-stars and the outermost B-stars form distinct populations. Their ages range from a spectroscopically confirmed < 10 Myr for the S-star S2/S0-2 (Ghez et al. 2003; Eisenhauer et al. 2005; Martins et al. 2008) , to an upper-limit of ∼ 100 − 200 Myr on the main sequence lifetime of the lower-mass B-stars. This upper limit does not preclude the B-stars forming contemporaneously with the O/WR stars, but they may well derive from an older starburst or form a continuous distribution in age.
The proximity of the S-stars to the MBH, which prohibits in-situ star formation due to its immense tidal force (Morris 1993) , combined with their young ages imply a "paradox of youth" (Ghez et al. 2003) . Arguably, the most plausible theory for their origin is the tidal capture by SgrA* of in-falling B-star binaries by Hills mechanism (Hills 1988 (Hills , 1991 Gould & Quillen 2003) , following dynamical relaxation by massive perturbers such as giant molecular clouds (Perets et al. 2007 ) within the central 10 − 100 pc. In this theory, the S-stars are captured on orbits of very high orbital eccentricity whilst their binary companions may be ejected as hypervelocity stars (see e.g., Brown et al. 2012 , and references therein). Antonini & Merritt (2013) show that post-capture dynamical evolution via resonant relaxation (Rauch & Tremaine 1996) can bring the highly-eccentric population of S-stars close to their observed near-thermal eccentricity distribution (Gillessen et al. 2009a ) within 50 Myr for models of the GC with relaxed NSC, or ∼ 10 Myr for models with a dense cluster of 10M ⊙ black holes (see also Perets et al. 2009 ). It is possible that the B-stars outside the central arcsecond also formed via Hills mechanism, as proposed by Perets & Gualandris (2010, hereafter PG10) . However, as the latter authors point out, the initial higheccentricity distribution must persist, since neither two-body nor resonant relaxation will be able to significantly change the orbital eccentricities of the B-stars at large radii within their lifetimes. This sets up a prediction which observational data from this population can verify or refute.
Outside of the central arcsecond, the accelerations of the B-stars are too small to be reliably detected within ∼ 10 yr of observations. Thus we do not get a full orbital solution for each star and must rely on position and proper motion alone. In this paper we devise a statistic which uses only the star's sky position and proper motion velocity and is particularly sensitive in identifying distributions with high orbital eccentricities. We present this high-eccentricity statistic in Section 2. In Section 3 we explore another mechanism for dynamically relaxing the orbital eccentricity distribution of B-starsthe formation and gravitational influence of the O/WR stellar disk -and investigate two scenarios with N -body simulations: the massive perturber plus binary disruption scenario (Perets et al. 2007) , and one based on the proposed model by Seth et al. (2006) of episodic in-situ star formation, wherein the B-stars formed in a nuclear stellar disk ∼ 100 Myr ago. We examine the resulting orbital eccentricities of the B-stars after 6 Myr of interaction with the O/WR disk. In Section 4 we introduce our observations and use direct observables and the high-eccentricity statistic to compare them with simulations in Section 5. We discuss our findings in Section 6. In a follow-up paper we will publish the full data set used in this work, and expand our current analysis on the orbital parameters of the B-stars including radial velocity information.
THE HIGH-ECCENTRICITY STATISTIC
The basic idea for identifying stars with high orbital eccentricities is straightforward: a radial orbit in three spacial dimensions also appears as a radial orbit in projection on the sky. This was noted by Genzel et al. (2003) and revisited by Paumard et al. (2006) and Bartko et al. (2009) . These authors use the j versus p diagram, where j is the normalized angular momentum along the line-of-sight (positive z-axis),
and
is the projected radius from the MBH. The positive x-axis points west and the positive y-axis points north. v x , v y are the right ascension and declination velocities of a star at (x, y) on the sky such that the projected velocity (i.e., proper motion) is
The quantity j is ∼ 1, ∼ 0, ∼ −1 if the stellar orbit projected on the sky is mainly clockwise (CW) tangential, radial, or counterclockwise (CCW) tangential. Genzel et al. (2003) define three j ranges: CW tangential (j ≥ 0.6), CCW tangential (j ≤ −0.6) and radial (|j| ≤ 0.3). Though a useful tool for classification, the quantity j is not optimally sensitive to higheccentricity (j ∼ 0) orbits. This is because stars on radial orbits spend the majority of their orbital period near apoapsis with low v p with respect to the circular velocity at their projected radii p; this increases their value of j and imparts a more tangential orbit in projection. In its place, we propose to use a new high-eccentricity statistic, h: j z normalized to the maximum angular momentum at projected radius p (i.e. replacing v p with circular velocity at p):
where we use the Kepler circular velocity such that v circ (p) = (GM • /p) 1/2 . As with j, the quantity h is ∼ 1, ∼ 0, ∼ −1 depending on whether the stellar orbit projected on the sky is mainly CW tangential, radial, or CCW tangential, but radial orbits are now confined to low |h|-values. We show this in Figure 1 where we initialize a cluster of 10 4 isotropically arranged stars with a thermal distribution of orbital eccentricities to see how well their j-and h-values constrain their original orbital eccentricity. Each star is distributed randomly in its orbital phase and their positions and velocities are projected onto the plane of the sky to get values for j and h. We plot the inclination of the stellar orbits 3 (ranging from 0 • − 90
• as the distribution in |j| and |h| is symmetric about this range) as a function of orbital eccentricity. The left (right) plot shows stars color-coded according to |j| (|h|)-values.
The h-statistic differentiates well between tangential and radial orbits. Although low |h|-values can correspond to stars that have high-eccentricity and/or inclined orbits (i.e., edgeon with respect to line-of-sight), high eccentricity orbits are not contaminated by high |h|-values; |h|-values are sharply defined as a function of orbital eccentricity and inclination.
In contrast, high |j|-values (yellow dots) are scattered throughout the inclination and eccentricity plane. . Each point represents a star drawn from an isotropic stellar distribution, with i = 0 • (90 • ) corresponding to a face-on (edge-on) orbit, and with orbital eccentricity e. From this figure it is clear that the colors are much better stratified in the right panel than in the left panel, because the h-statistic differentiates more cleanly between high and low eccentricity orbits than the j-statistic. eccentricity orbits are represented by high |j|-values which makes them hard to isolate as a group. We refer the reader to the Appendix for statistical constraints on orbital eccentricity and inclination in different h-ranges, the maximum value of |h| for a bound orbit and the effect of the stellar gravitational potential on its estimate.
N -BODY SIMULATIONS
We perform N -body simulations of two formation scenarios for the population of large-radii B-stars in the GC -a disk origin, and a binary disruption origin. The stars in the two formation scenarios differ only in orbital angular momentum distribution. We investigate whether their original orbital eccentricities are preserved over 6 Myr, having been subjected to gravitational torquing from the O/WR disk, and calculate the resulting h-values to be compared with observations.
We use a special-purpose N -body integrator, which is described in detail in Madigan et al. (2011) . Our integrator is based on a mixed-variable symplectic algorithm (Wisdom & Holman 1991; Kinoshita et al. 1991; Saha & Tremaine 1992 ) and designed to accurately integrate the equation of motion of a particle in a near-Keplerian potential. We use direct N -body particles which move in Kepler elements along ellipses under the influence of the central object, and calculate perturbations to their orbits in Cartesian coordinates from surrounding N -body particles (Danby 1992) . We define semi-major axis, a, and eccentricity, e, of stellar orbits with respect to a stationary MBH,
where M • is the mass of the MBH, and J and E are the specific orbital angular momentum and energy of a star. The periapsis of the stellar orbits precess with retrograde motion due to Newtonian mass precession from the additional smooth potential from surrounding cluster of stars. The time to precess by 2π radians is
where N (< a) is the number of stars within a given a, m is the mass of a single star, f (e, α) is a function which depends on the eccentricity of the orbit and the power-law density index α of the surrounding cluster of stars (Ivanov et al. 2005; Madigan & Levin 2012) , and P (a) = 2π(a 3 /GM • ) 1/2 is the orbital period of a star with semi-major axis a. We include the first post-Newtonian general relativistic effect, that is prograde apisidal precession with a timescale,
Our simulations have four main components chosen to represent the Galactic center ∼ 6 Myr in the past: Ghez et al. 2008; Gillessen et al. 2009b ).
2. A smooth stellar cusp with power-law density profile n(r) ∝ r −α , α = (0.5, 1.75), normalized with a mass of 1.5 × 10 6 M ⊙ within 1 pc (Schödel et al. 2007; Trippe et al. 2008; Schödel et al. 2009 ). We use a smooth gravitational potential for the cusp in our simulations as this greatly decreases the required computation time. Traditional two-body gravitational relaxation has little impact on the stellar orbits as its characteristic timescale is O(1 Gyr) (Merritt 2010; Bar-Or et al. 2013) . We model two-body relaxation and resonant relaxation (which occurs on a shorter timescale), using the ARMA code described in detail in Madigan et al. (2011) to derive initial conditions for our simulations (see Figure 2) . Madigan et al. (2009) and Gualandris et al. (2012) find that in the case of coherently-eccentric disks, significant angular momentum changes due to self-gravity of the disk occurs on timescales 1 Myr.
3. An eccentric stellar disk, e = (0.3, 0.6), representing the O/WR disk with surface density profile Σ(a) ∝ a −2 . It consists of N -body particles with equal masses of 100M ⊙ , total mass M O/WR = (1, 2, 4) × 10 4 M ⊙ and semi-major axes 0.03 pc ≤ a ≤ 0.5 pc. In our basic model, the O/WR disk is formed instantaneously, i.e., fully formed at t = 0, with an opening angle of 1
• . We -Mean B-star orbital eccentricities as a function of semi-major axis in the binary disruption scenario. Stars begin with initial orbital eccentricity e = 0.98 and evolve due to stochastic relaxation over 60 and 100 Myr. In the burst scenario, stars are initialized at t = 0; in the continuous scenario, they are initialized randomly between t = 0, tmax. For this plot we use our ARMA code (Madigan et al. 2011 ) with M (< 1 pc) = 1.5 × 10 6 M ⊙ and α = 1.75.
also run a number of simulations wherein we model its formation using a "switch-on" multiplicative function for the disk mass, such that the mass of a single star is
where t 0 is -1 years (so that the O/WR disk has mass at t = 0) and the growth timescale τ is 1 × 10 5 years (Bonnell & Rice 2008) . Secular gravitational interactions with the O/WR disk will change the angular momenta of the B-stars. We anticipate the greatest orbital eccentricity change for stars at similar radii to the inner edge of the disk -the torques are much greater at these radii, as
where τ is specific torque on a stellar orbit, e disk is a typical orbital eccentricity of a star in the disk and δφ is the angle between them.
4. A population of B-stars with semi-major axes between 0.03 pc ≤ a ≤ 0.7 pc, consisting of 100 N -body particles with equal masses of 100M ⊙ . Though the individual masses of the stars are high with respect to real B-star masses, the orbits will respond to the gravitational potential of the O/WR disk in the same way, regardless of their mass, due to the equivalence principle. We run convergence tests to confirm this; see appendix.
The stars are initialized with a surface density profile Σ(a) ∝ a −2 while their angular momentum distribution depends on the scenario we are simulating; we describe them both here. Binary Disruption (BD) Scenario: In this scenario, the B-stars form in binaries outside the central parsec. Due to enhanced relaxation from massive perturbers (Perets et al. 2007) , they are propelled onto near-radial orbits where they are disrupted by the MBH via Hills' mechanism and become bound to the MBH as their partners are ejected into the halo at high velocities. They have a spatially isotropic distribution and are initialized on Kepler orbits with very high eccentricities,
1/3 is the tidal radius of the MBH, and m bin and a bin are the mass and semi-major axis of the binary. We use our ARMA code (Madigan et al. 2011 ) to simulate the evolution of orbital eccentricities for B-stars in the binary disruption scenario under the dynamical influence of two-body and resonant relaxation. We confirm the result by PG10 that stellar orbits remain at very high eccentricities outside ∼ 0.1 pc. We find higher mean orbital eccentricity values at all radii however, for both steep (α = 1.75) and shallow (α = 0.5) cusp profiles; see Figure 2 in which we plot mean orbital eccentricities as a function of semi-major axis at 60 and 100 Myr. As PG10 use full N -body simulations, they do not include the entire stellar cusp and hence precession rates for stars are lower than in our simulations, contributing to a higher resonant relaxation rate and hence larger orbital eccentricity changes. We simulate both a burst scenario in which all B-stars begin at t = 0, and a continuous scenario in which they are randomly initialized between t = 0 and t = t max ; the latter best reflects binary disruptions due to massive perturbers but the former can be directly compared with the simulations of PG10. We use a fit of the resulting orbital eccentricity distribution after 100 Myr in the continuous case as our initial conditions for the binary disruption scenario.
Dissolved Disk (DD) Scenario:
In this scenario, the Bstars form in-situ around the MBH in a nuclear stellar disk during an earlier episode (∼ 100 Myr) of gas infall and fragmentation: we call this the dissolved disk scenario as the disk structure should have 'puffed up' due to gravitational interactions between stars, in particular due to vector resonant relaxation (Kocsis & Tremaine 2011 ) and the gravitational influence of the circumnuclear disk (Šubr et al. 2009 ). We distribute the Bstars in a stellar disk with their initial eccentricities, disk opening angle and inclination with respect to the O/WR disk varying with simulation number. Inclina- g Initial opening angle of B-star disk in arcdeg.
h Mean initial inclination of B-star disk with respect to O/WR disk in arcdeg.
i Projected radius.
j Mean value of |h| for B-stars with p ≥ 7(10) ′′ at end of simulation.
k Standard deviation on |h| for B-stars with p ≥ 7(10) ′′ at end of simulation.
l Standard error on the mean of |h| for B-stars with p ≥ 7 ′′ at end of simulation.
tions are selected such that co-rotating and counterrotating cases with both large and small angles between the two disks are explored. The basic model, DD 1 , draws eccentricities from a thermal distribution.
Our simulations explore a wide range of parameters relevant for the GC as listed in Table 1 . An important variation in the models is the power-law stellar density index of which we choose two values -a steep stellar cusp α = 1.75, and a shallow stellar cusp α = 0.5. This variation reveals itself in the precession rate of stars at different radii, and hence the persistence of stellar torques. Another variation is the mean eccentricity of the B-star and the O/WR orbits, which affects their eccentricity evolution through the strength of the torques between the two groups. We run simulations with both coherently-eccentric (or lopsided) O/WR disks, in which the eccentricity vectors of the stellar orbits initially overlap, and non-coherent ones.
Evolution of orbital eccentricities
We follow the change in orbital angular momentum in the B-stars over 6 Myr in response to the O/WR disk. The Bstars with small semi-major axes not only experience a greater torque, τ ∝ 1/a, but have lower angular momentum, J, and hence the relative change in angular momentum is high. This brings about a rapid change in their orbital eccentricities. In contrast, B-stars with large semi-major axes retain memory of their initial orbital eccentricities; these stars can best constrain their formation scenario. This is as PG10 found for resonant relaxation, but the change in eccentricities of B-stars over 6 Myr under the persistent torques of the O/WR disk proves to be more rapid than resonant relaxation over 100 Myr. We show this effect in Figure 3 , plotting the eccentricity, e, of B-star orbits in two simulations (DD 6 , BD 1 ) as a function of semi-major axis, a. The binary disruption scenario produces the most dramatic signature as stars with large semimajor axes retain their high orbital eccentricities. In the dissolved disk scenario, the B-stars with large semi-major axes have similar eccentricities as their initial input values.
Simulated h-values and difference in initial conditions
We contrast the j and h versus p diagrams for both scenarios using an arbitrary viewing angle in Figure 4 . The advantage of the h-statistic is not obvious in the dissolved disk scenario (left) as there are few very high eccentricity orbits. However, in the binary disruption scenario (right), the B-stars -(Top) Distribution of projected, normalized orbital angular momentum on the sky, j, for stars in the dissolved disk DD 6 scenario (left) and binary disruption BD 1 scenario (right) at t = 0, 6 Myr. In plotting the parameter j we lose evidence of high eccentricity orbits as stars on near-radial orbits spend most of their orbital period near apoapsis and their vp value will be lower than the circular velocity at their projected radius p. (Bottom) Distribution of h for stars in the DD 6 scenario (left) and BD 1 scenario (right) at t = 0, 6 Myr. This new statistic highlights high eccentricity orbits by focusing them at zero.
at large radii retain their high eccentricities over the 6 Myr simulation, and their h values are centered about zero.
We plot the mean value of |h| as a function of projected radius p after 6 Myr in Figure 5 . The mean value of |h| is derived from combining h-values from three different viewing directions for each simulation. The most distinguishing feature between the two scenarios is the disparate |h|-signature at large projected radii. The simulations that model the O/WR disk formation by employing the switch-on function of Eq. 9 show no significant differences with respect to the basic models.
We find an inverse relation in the binary disruption simulations between the value of the power-law index of the stellar cusp, α, and the slope of the distribution of |h| -values with distance from the MBH. Steep stellar cusps result in flatter |h| -r distributions and vice versa. This is due to the coherence time over which stellar torques can act on the individual B-star orbits. Simulations BD 1−4 which have a shallow stellar cusp (α = 0.5) result in a steep |h| -distribution across projected radii. The B-star orbits at small radii precess relatively slowly and hence secular changes in J are efficient at changing their eccentricities. This results in large |h| -values at small radii. B-star orbits at large radii precess relatively quickly and secular changes in J are less efficient as the coherence time is short. These B-stars retain their high orbital eccentricities, and have low |h| -values. Simulations BD 5−6 which have a steep stellar cusp (α = 1.75) result in a flatter |h| -r distribution. The stellar orbits at small radii precess relatively quickly and hence secular changes in J are inefficient relative to that experienced by stars in simulations BD 1−4 . This results in lower |h| -values at small radii. The stellar orbits at large radii precess relatively slowly and secular changes in J are more efficient as the coherence time is longer. |h| -values at large radii are consequently larger than for BD 1−4 . Simulations BD 7−8 (larger mass O/WR disk) show the most evolution in B-star eccentricities. |h| -values are high relative to the simulations with M O/WR = 10 4 M ⊙ but still lower than in the dissolved disk simulations.
The DD 6 simulation, in which the B-stars are initialized in an e = 0.3 disk, and DD 10 with an e = 0.3 O/WR disk, result in the lowest eccentricities of the dissolved disk simulations and hence the highest |h| -values. DD 7 which has a steep stellar cusp (α = 1.75) shows the most evolution in B-star eccentricity at large radii, reaching the lowest |h| -values of the dissolved disk simulations. In the DD 2 simulation, where the initial mean inclination angle between the two disks is i = 25
• , the B-star angular momentum vectors overlap with those of the O/WR disk by the end of the simulation. The same overlap is observed in the DD 1 simulation ( i = 80
• ) but to a lesser extent. Simulations DD 3,4 , in which the B-star and O/WR disks are counter-rotating with respect to one another, i > 90
• , show a substantial number of stars from each disk with reversed signs of angular momentum but little overlap. The counter-rotating instability (e.g. Touma & Sridhar 2011) is suppressed due to precession resulting from the presence of a stellar cusp.
The distribution in angular momentum vectors of the O/WR stars becomes greatly extended, in contrast to the observed dispersion angle Beloborodov et al. 2006; Lu et al. 2009; Bartko et al. 2009 ). This suggests we can rule out the possibility of large angles between the O/WR disk and the B-star disk, though only a limited range of parameters have been explored here. The inclination angle be- tween the B-star disk and the O/WR disk affects the resulting |h| -values; the DD 3 simulation with i = 121
• shows the lowest |h| -values at large radii.
For each simulation, we chose ten random viewing directions to calculate a mean |h|-value for each star. In Table 1 we show |h| and one standard deviation, σ h , for all stars with projected radii p ≥ 7 ′′ and p ≥ 10 ′′ . Figure 6 we plot the cumulative |h|-distribution function as a function of viewing angle with respect to the B-star disk in dissolved disk simulation, DD 1 . The left plot shows data from the start of simulation in which the disk has an opening angle of 30
• . Larger viewing angles with respect to the disk plane produce larger |h|-values. The right plot shows the data after 6 Myr. Here the viewing directions produce more similar results to each other as the disk opening angle has increased and the orbits are more isotropically distributed. The disk structure is still non-isotropic however; the |h| -values increase from 0
• − 90 • . The imaging data were obtained with the adaptive optics camera NACO (Rousset et al. 2003; Hartung et al. 2003) . The photometric reference images were taken on the 29th of April 2006 and on the 31st of March 2010. Most of the images were obtained, using the K ′ -band filter (2.17 µm) together with the 27 mas/pixel camera of NACO. Each image was processed in the same way, using sky-subtraction, bad-pixel and flat-field correction as described in Trippe et al. (2008) . The spectroscopic data were obtained with the adaptive optics assisted integral field spectrograph SINFONI (Eisenhauer et al. 2003; Bonnet et al. 2004) . The data output of SINFONI consists of cubes with two spatial axes and one spectral axis. Depending on the plate scale, an individual cube covers 3.2 ′′ × 3.2 ′′ or 8 ′′ × 8 ′′ ; the spectral resolution varies between 2000 and 4000 depending on the chosen bandpass and the field-of-view. A major challenge for the identification of stars in the Galactic Center is stellar crowding. The bulk of the resolved stellar population are low-mass giants later than K0III. Due to the extreme extinction towards the Galactic Center (A K ≈ 2.7), foreground stars are easily excluded by their blue color. The patchiness of the extinction, however, prevents a photometric distinction between evolved giants (T ∼ 4000 K) and young early-type stars (T > 15, 000 K; spectral types between B9V up to WR/O) in the cluster. K-band spectra of the stars classify them as late-type if CO absorption features (2.29 -2.40 µm) are present, or early-type if Brγ (2.166 µm) or HeI (2.058 µm) absorption lines are present. In this way, the combination of imaging and spectroscopy allows a clear identification of the young and massive early-type stars amongst the equally bright but much more numerous old low mass giants. 
Astrometry
Similar to the method of Trippe et al. (2008) the stars in the individual images were detected using the algorithm FIND (Stetson 1987) . The individual positions in each image were retrieved using Gaussian fits with formal fit errors of the order ≈ 300 µas. About 560 bright isolated stars in the field served as an astrometric reference frame. The proper motions were computed by fitting a linear function to the astrometric star positions with time. Typical errors were ≈ 0.13 mas/ yr (5 km/s).
Stellar masses and main-sequence lifetimes
The early-type stars in our sample contain main-sequence B-stars up to evolved WR/Ofpn stars. An individual classification of the spectral type however is non-trivial with K-band spectra alone. One difficulty is the absence of a simple correlation between Brγ (HeI) strength and spectral type. Only the most massive WR/O stars can be recognized due to their strong wind emission lines, but the large mass-loss rates make a current mass estimate even more difficult (Martins et al. 2007 ). Although the spectral information alone provides not IG. 9.-Cumulative |h|-distribution function for observational data in different K-magnitude ranges, with a cut at projected radius p = 0.8 ′′ . Top left: The 'S-stars' with p < 0.8 ′′ , 14.2 ≤ m K < 17.5, are slightly more eccentric than a thermal distribution. Top right: Stars between 14 ≤ m K < 15 appear more eccentric (or more 'edge-on') at smaller projected radii, p < 0.8 ′′ than at large (p ks = 0.16). Bottom left: Stars between 15 ≤ m K < 16 show no significant variation in |h|-distribution across p = 0.8 ′′ . Bottom right: Stars with m K ≥ 16 are more eccentric, or more 'edge-on', at p ≥ 0.8 ′′ (p ks = 0.017). a unique classification, the known absolute magnitude of the stars allows to constrain their masses quite accurately. Unlike any other OB clusters, the distance to the Galactic Center is known to better than 5% (8.33±0.35 kpc). Together with precise extinction measurements , A K ≈ 2.7), the absolute magnitudes of the stars are known to ≈ 0.2 mag. Using the calibrations of Cox (2000), a m K = 14.1 star at the distance of the GC corresponds to a B0V dwarf with an initial mass of M MS = 17 M ⊙ and a main-sequence lifetime of t MS = 8 Myr, which is of the same order as the O/WR disk age. Fainter B-dwarfs with m K = 15.5 (M MS = 11 M ⊙ , t MS = 25 Myr) and m K = 16.5 (M MS = 6 M ⊙ , t MS = 120 Myr) can be significantly older than the O/WR disk.
h-values in different K-magnitude ranges
In Figure 7 we plot h-values of stars as a function of projected radius, p, for different K-magnitude ranges. Error bars are determined through error propagation from position and proper motion uncertainties. Stars in our sample have, on average, lower |h|-values as their K-magnitude increases. There is an apparent absence between 2 fainter stars, hence where the O/WR disk is brightest, the Bstars will be most incomplete.
In Figure 8 we plot the cumulative |h|-distribution function for stars in these different K-magnitude ranges. Stars with m K ≥ 15 have lower |h|-values than those with m K < 15, and if isotropically distributed, form a population more eccentric than a thermal distribution, N (e)de ∼ ede. We compare different distributions to each other using the one-dimensional two-sample Kolmogorov-Smirnov (KS) test, under the null hypothesis that the samples are drawn from the same distribution. We refer to the test statistic as p ks to distinguish it from the projected radius of a star, p. We reject the null hypothesis if p ks is smaller than or equal to the significance level, α = 0.05. A KS test between stars with 14 ≤ m K < 15 and those with m K ≥ 15 yields p ks = 0.007, which suggests they are not drawn from the same population, and between stars with 15 ≤ m K < 16 and m K ≥ 16 yields p ks = 0.965.
|h|-values as function of projected radius, p
In Figure 9 we plot the cumulative |h|-distribution function for data in different K-magnitude ranges, binned according their projected radius, either less or greater than p = 0.8 ′′ . All stars in our sample with p < 0.8 ′′ have m K ≥ 14.2; these are the 'S-stars'. They have a |h|-distribution that, if isotropically distributed, is just slightly more eccentric than a thermal eccentricity distribution. A KS-test between the two populations (S-stars and thermal distribution) yields p ks = 0.48. Stars with m K ≥ 16, if isotropically distributed, form a more eccentric group at large radii, p ≥ 0.8 ′′ , than at small radii (p ks = 0.017 between the two populations). Stars between 14 ≤ m K < 15 appear more eccentric at smaller projected radii, p < 0.8 ′′ , but the two groups do not differ in a statistically significant way (p ks = 0.16). In Figure 10 we show a histogram of |h|-values as a function of projected distance for stars in different magnitude ranges. While the binning is arbitrary, this visually confirms that stars with m K ≥ 15 have lower |h|-values at larger projected radii (i.e., become more eccentric/inclined to xy-plane), while the opposite is true for stars with 14 ≤ m K < 15. In Table 2 we compare the mean |h|-values for stars with p ≥ 7 ′′ , 10 ′′ . Stars with higher Kmagnitude have lower mean |h|-values at large radii.
COMPARISON BETWEEN OBSERVATIONS AND SIMULATIONS
We compare the observational data with simulation results from two formation scenarios of B-stars in the Galactic center: the binary disruption scenario in which stars begin their Figure 11 we show h-values of both simulated stars (at the end of the simulation, t = 6 Myr) and data in different magnitude ranges, as a function of their projected radii, p. The higher magnitude stars, m K ≥ 15, qualitatively match the binary disruption simulations well while the lower magnitude stars, 14 ≤ m K < 15, match better the dissolved disk simulations.
We compare the range in |h| -values for stars at large projected radii in our simulations to the single values taken from observational data binned in K-magnitude (see Table 2 ), in Figure 12 . For stars with p ≥ 7 ′′ and 14 ≤ m K < 15, |h| = 0.412, which places this population well outside the range found in the binary disruption simulations (0.095 − 0.141), whereas for m K ≥ 16, |h| = 0.109, which lies inside the correct range for binary disruption simulations, not for dissolved disk simulations, for which 0.277 ≤ |h| ≤ 0.573.
KS-testing, correcting for incompleteness and
incorporating observational errors To include the dependence of |h|-values on projected radius, we compare our simulations with the data using completeness corrections derived from observations in Bartko et al. (2010) . We calculate projected |h| and p values of the stars in our simulations and then sample according to the completeness at their projected radii and K-magnitude. For illustration, we plot the cumulative |h|-distributions of all the dissolved disk simulations and binary disruption simulations in Figure 13 . |h|-values are sampled from a single random viewing direction, using the observational completeness correction for stars with 14 ≤ m K < 15 in the dissolved disk simulations, and for stars with 15 ≤ m K < 17 in the binary disruption simulations. We note that the results from the dissolved disk simulations are highly-dependent on the chosen viewing angle, in contrast to the binary disruption simulations.
To incorporate the errors in the observed h-values, we take each star in a magnitude-selected range and Monte Carlo sample 100 times from a Gaussian distribution with mean h and standard deviation e h . We run a KS-test between the resulting cumulative distribution functions and those from completeness-corrected simulations. For the dissolved disk simulations we select ten random viewing directions with respect to the B-star disk in the simulation and generate new |h|-values before sampling according to p-values. Hence each dissolved disk simulation will have 10 × 100 p ks values. In Figure 14 we plot the angular momentum vectors of O/WR stars and B-stars in an Aitoff projection in the dissolved disk simulations DD 1 , DD 2 , DD 3 and DD 4 , indicating the ten randomly-selected viewing directions.
In Figure 15 we plot the average p ks value between the completeness corrected simulation (listed on x-axis) and stars from a particular magnitude bin (title) as a function of the viewing direction. The p ks values are color-coded into two ranges for simplicity: orange for p ks < 0.05, blue for p ks ≥ 0.05, where we reject the null hypothesis that two samples are drawn from the same distribution if p ks < 0.05. The first four plots show that the dissolved disk simulations are not incompatible for most viewing directions with observations in the lowest magnitude stellar range, 14 ≤ m K < 15. Stars in the range 16 ≤ m K < 17 are also mostly not incompatible with dissolved disk simulations. There are however few stars in this range, and both simulations and observations are close to a thermal distribution over all semi-major axes, though they are not so similar at large p. The fifth plot shows results for binary disruption simulations. The viewing direction is unimportant as the B-stars are distributed isotropically. In this plot the y-axis shows the lower value on the range of the magnitude cut taken for the observations. The range spans one magnitude in total, ∆m K = 1 (i.e., m K = 14 spans the range 14 ≤ m K < 15). This plot shows that lower magnitude stars and the binary disruption scenario are incompatible. A change occurs in the simulations BD 1−6 (O/WR disk mass of 10 4 M ⊙ ) for the range 14.8 ≤ m K < 15.8 and above. Here p ks ≥ 0.05 for all simulations. This transition is also seen in the dissolved disk simulations but in the opposite direction: mostly p ks ≥ 0.05 for 14 ≤ m K < 14.8, and p ks < 0.05 for m K ≥ 14.8. In Table 3 we provide a sample of p ks -values between the data binned in K-magnitude and completeness-corrected simulations. The population with 14 ≤ m K < 15 is inconsistent with the basic binary disruption scenario (BD 8 ). In contrast, a comparison with the dissolved disk scenario (DD 1 ) yields a high p ks -value. Again, dissolved disk scenarios give more ambiguous predictions as the h-values are dependent on the viewing direction with respect to the B-star disk. Fainter (m K ≥ 16) stars have lower |h|-values and hence are more eccentric or edge-on in inclination. A KS test between this population and BD 8 yields a high p ks value = 0.997. In Figure 16 we plot the cumulative |h|-distribution function for observational data binned in K-magnitude and for the simulations that match well with observations -DD 1 and BD 8 simulations sampled with completeness corrections. 6 . DISCUSSION We present a new, directly-observable statistic, h, which uses the position of stars on the sky (x, y) and their proper motion (v x , v y ) to recognize groups of high-eccentricity orbits. It is particularly useful for stars with long-period orbits for which dynamical accelerations, and hence orbital parameters, are difficult to determine. We use a Monte Carlo ARMA code and N -body simulations to evolve stellar orbits in two formation scenarios for the B-stars in the GC; a dissolved disk scenario based on the model proposed by Seth et al. (2006) , and a binary disruption scenario due to enhanced stellar relaxation from massive perturbers by Perets et al. (2007) . We investigate the change in the B-star orbital parameters after 6 Myr of gravitational interaction with the O/WR disk and compare the results to observational data using the h-statistic. We summarize our results here:
1. Although the gravitational potential of the O/WR disk can effectively exert torques on the orbits of the surrounding cluster stars within a few Myr, for a disk mass of ∼ 10 4 M ⊙ , stars with semi-major axes greater than ∼ 0.2 pc retain memory of their origin through their eccentricity distribution. The more massive the O/WR disk, the greater torque it exerts and larger the eccentricity evolution of surrounding stars over 6 Myr. This result does not qualitatively change if the O/WR disk is younger -such as the ∼ 4 Myr as found by Do et al. (2013) and Lu et al. (2013) -but the high-eccentricity signature of the B-stars in the binary disruption scenario will be even more prominent as the stars have less time to interact with the O/WR disk. an extended distribution in angular momentum vectors of the O/WR disk stars, in contrast to the observed dispersion angle Beloborodov et al. 2006; Lu et al. 2009; Bartko et al. 2009 ). This suggests that we can rule out these initial conditions for the origin of the B-stars, with the caveat that only a limited range of parameters have been explored here.
3. The binary disruption scenario leaves a signature of decreasing mean values, and scatter, in |h| with increasing radii. The dissolved disk scenario results in a broad range of |h| -values with a large scatter due to the dependence on viewing angle with respect to the initial disk.
4. The B-stars in our data set have lower |h|-values with increasing K-magnitude intervals. If their orbits are isotropically distributed, this means that the lower mass, potentially much-older B-stars are more eccentric than their more massive, younger companions.
5. The cumulative |h|-distribution function for the S-stars is similar to, but slightly lower than, that of an isotropic, thermal eccentricity distribution. As we know that they are isotropically distributed, this tells us that they form a population that is slightly more eccentric than thermal. This matches the distribution found from orbital fitting of individual stars (Gillessen et al. 2009a ).
6. Stars with 14 ≤ m K < 15 and those with m K ≥ 15 have different cumulative |h|-distributions with a KS value of p KS = 0.007. This suggests that they are not drawn from the same (e, i) population. The difference is important for the interpretation of the K-band luminosity function (KLF) and initial mass function (IMF) of the O/WR disk. If this dynamical information relates to a different origin mechanism, then then the KLF slope of the O/WR disk must get flatter and the IMF is even more top-heavy than previously reported (Bartko et al. 2010; Do et al. 2013; Lu et al. 2013 ).
7. The stars with the highest K-magnitudes in our sample, m K ≥ 16, have similar |h|-distributions to those with 15 ≤ m K < 16 with a KS value of p KS = 0.965. They have lower |h|-values at large radii, p ≥ 0.8 ′′ . If they are isotropically distributed, they are more eccentric than those located closer in projected distance to the MBH. Stars with m K ≥ 16 and p ≥ 0.8 ′′ do not appear to be drawn from the same distribution as those with m K ≥ 16 and p < 0.8 ′′ (p KS = 0.02). In context of the binary disruption scenario, this can be explained by the decreasing relaxation times as orbits get closer to the MBH, which rapidly changes their low angular momenta and hence |h|-values. We would like to increase our sample of m K ≥ 16 stars to confirm this result.
8. In comparing the observed B-star data with simulations of the two formation scenarios, we find the following: Stars with 14 ≤ m K < 15 have higher |h|-values than expected for a thermal distribution and hence fit better with the dissolved disk scenario. Given the short lifetimes for these stars (t MS 13 Myr), they are most likely members of the O/WR disk, consistent with Bartko et al. (2010) . Fainter B-stars with m K ≥ 15, and hence longer lifetimes, have lower |h|-values than expected for a thermal distribution and for that reason fit better with Hills binary disruption scenario, though the data are not as eccentric (if isotropically distributed) as in most of the simulations. The best match to the data involves a steep stellar cusp such that coherence times for stellar torques are high at large radii, and/or a larger mass of the O/WR disk (∼ 4 × 10 4 M ⊙ ).
An alternative scenario for the origin of the B-stars is formation in the same star formation episode that formed the O/WR disk Do et al. 2013; Lu et al. 2013) . To explain the low |h|-values of the high-magnitude stars however, there must exist a mechanism which differentiates between low-and high-mass stars in orbital eccentricity and/or inclination, and it must act on a short timescale.
It is important to obtain more observations of B-star positions and proper motions, particularly those at high Kmagnitude and large projected radii, to increase the samplesize that can be used in comparison with simulations. If the high magnitude B-stars originate from the binary disruption scenario, the shape of the |h| -r relation can be a probe of the underlying stellar cusp. The maximum value of |h| for a bound stellar orbit is calculated by limiting the velocity of a star to the escape velocity at its projected radius. The maximum angular momentum of a stellar orbit on the plane of sky is
and therefore,
For a bound Kepler orbit, h ≤ √ 2. One can use this constraint to find unbound stars and/or stars affected by confusion with incorrect proper motion values.
A star with 1 < |h| ≤ √ 2 has a j z value larger than the circular angular momentum at its projected radius. This requires that e > 0, but moreover that p < a, i.e., that the star's semi-major axis is larger than its projected radius. This star is traveling on the inner part of its orbit, closer to periapsis than apoapsis. This may provide an extra constraint on z, the position of a star along the line-of-sight, when estimating stellar orbital parameters (Bartko et al. 2009; Lu et al. 2009 ).
EFFECT OF MASSIVE STELLAR POTENTIAL ON VALUE OF h-STATISTIC
The h-statistic is defined for a Kepler orbit (h = j z /J p ). In a real NSC, the mass contained within a stellar orbit is due to both the black hole mass and the enclosed mass of the stellar cusp. If we do not take the latter mass into account, our theoretical value of J p , the maximum angular momentum at p, will be smaller than the true value. Hence, |h| will appear artificially larger (i.e. a stellar orbit will appear less eccentric or more 'face-on') than its true value. Due to the increasing enclosed stellar mass with radius, this effect will increase with radius. We quantify this in Figure 17 where we plot the fraction of two evaluations of h (one takes stellar mass into account in calculating J p , h cusp , the other does not, h Kepler ) for a face-on circular orbit (e = i = 0). We assume a stellar mass of 1.5 × 10 6 M ⊙ within 1 pc and vary the power-law index α, where the mass within radius r scales as m(< r) ∝ r α . From this simple analysis we see that a star with a face-on circular orbit at p = 0.4 pc ∼ 10 ′′ , will have a h-value that is fractionally larger by (0.034, 0.043, 0.067) than for a Kepler potential for this particular power-law density profile with α = (1.75, 1.5, 1.0). This plot can inform us on the magnitude of the expected error on h due to the stellar cusp. 
STATISTICAL CONSTRAINTS ON ORBITAL ECCENTRICITY AND INCLINATION FROM THE h-STATISTIC
There is a degeneracy in the value of h with respect to orbital eccentricity and inclination. However, if we assume a known distribution for one of the parameters we can place constraints on the mapping of the other to h. For example, we can take a cut in inclination (see Figure 18 ) and see how the range in h-values map to orbital eccentricity. Figure 19 .
Statistical constraints are placed on the mapping of orbital eccentricities to |h| for an isotropically distributed thermal cluster of stars. We plot the cumulative distribution of orbital eccentricities in specific |h| ranges in Figure 19 . 50% of stars with The full stellar distribution has a thermal eccentricity profile, f (e) = e 2 , also plotted for comparison. In Table 4 the residuals from the simulated cumulative distribution functions and the fits to the function in Equation C1 are plotted.
|h| < 0.1(0.3) have an orbital eccentricity e > 0.87(0.84), while 90% of stars with |h| > 0.6 have an orbital eccentricity e < 0.73. We fit the cumulative distributions shown in Figure 19 with the following formula f (x) = 1 2 1 + erf x − µ √ 2σ 2 + βx + γ 1 − x 2 + δ cos(x) + ǫ sin(x),
where µ and σ 2 are the mean and variance of a cumulative Gaussian distribution, β, γ, δ and ǫ are coefficients and x = e. The trigonometric terms are chosen ad-hoc; they are necessary to fit the extreme distributions |h| > 0.6, |h| < 0.1. The fitted values for each line in Figure 19 are listed in Table 4 ; the residuals from subtracting the functions from the distributions are plotted in the lower panel.
Statistical constraints are also placed on the mapping of orbital inclinations to h for an isotropically distributed thermal cluster of stars. In Figure 20 , we plot the cumulative distribution function of the stellar inclinations for different h-values. Those with |h| > 1 (right) have orbital inclinations such that their angular momenta are aligned close to the z-axis (face-on orbits). Stars with |h| > 1.2 have almost face-on orbits. Stars with very low values of |h| are likely to have angular momenta that are highly inclined to the z-axis. Almost all stars with |h| < 0.01 have inclinations of ∼ 90
• (edge-on orbit).
CONVERGENCE TESTING
We run two binary disruption simulations with BD 1 parameters and individual stellar masses of 20M ⊙ (BD 20 ) and 50M ⊙ (BD 50 ) for convergence testing. For the 20M ⊙ simulation, |h| = 0.105(0.103), σ h = 0.057(0.053), s e = 0.003(0.004) for stars with projected radii p ≥ 7 (10) ′′ . For the 50M ⊙ simulation, |h| = 0.112(0.110), σ h = 0.068(0.061), s e = 0.007(0.008) for p ≥ 7(10)
′′ . These values demonstrate that simulations with smaller stellar masses produce the same results (c.f. Table 1 ). In Figure 20 we compare the cumulative distribution functions of |h|-values drawn from a random viewing direction for each simulation. KS testing between the distributions yield p ks = 0.84, 0.79, 0.98 for BD 1 and BD 20 , BD 1 and BD 50 , BD 20 and BD 50 respectively. These results are insensitive to the chosen viewing direction. 
